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ABSTRACT
The IA-64 architecture has been designed as a synthesis of VLIW

and superscalar design principles. It incorporates typical functio-

nality known from embedded processors as multiply/accumulate

units and SIMD operations for 3D graphics operations. In this

paper we present an ILP formulation for the problem of instruc-

tion scheduling for IA-64. In order to obtain a feasible schedule it

is necessary to model the data dependences, resource constraints

as well as additional encoding restrictions—the bundling mech-

anism. These different aspects represent subproblems that are

closely coupled which gives the motivation for a modeling based

on integer linear programming. The presented approach is di-

vided into two phases which allows us to compute mostly optimal

solutions with acceptable computation time.

1. INTRODUCTION
The IA-64 architecture has been designed as a synthesis of
VLIW and superscalar design principles. It incorporates
typical functionality known from embedded processors as
multiply/accumulate units and SIMD operations for 3D gra-
phics operations. IA-64 is a statically scheduled architecture
where the compiler is responsible for efficiently exploiting
the available instruction-level parallelism and keep the exe-
cution units busy. Moreover the compiler has to explicitly
take care of the density of the generated code. Due to the
bundling mechanism of IA-64 this is a special resource allo-
cation problem which has to be coupled with the scheduling
proper in order to achieve good results.

Thus for IA-64 instruction scheduling, the phase coupling
problem between the reordering of instructions, functional
unit binding and bundle allocation (bundling) has to be
solved. The efficiency of commonly used heuristic methods
like list or trace scheduling is usually affected by such phase
coupling effects. This gives the motivation for developing
search-based methods, like the presented approach that is
based on integer linear programming. Our ILP-modeling
can be expected to produce optimal solutions. Currently
the modeling is restricted to basic blocks, but acyclic control
flow can be integrated via predication as well. Additionally,
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code motion between multiple basic blocks can be modeled
as presented in [1]. Our scheduler can be adapted to ev-
ery processor of the IA-64 architecture and is extendable to
support upcoming EPIC architectures.

The concept of bundles employed in EPIC combines very
simple issuing hardware with a high code density compared
to VLIW. This makes this philosophy interesting for embed-
ded systems, where simple hardware as well as the quality
of the generated code is of high importance.

The paper is organized as follows: Sec. 1.1 gives a short
introduction into integer linear programming and Sec. 1.2
presents the IA-64 architecture. After an overview of related
work in Sec. 2, our ILP model is detailed in Sec. 3, Sec. 4
and Sec. 5. The results of our experimental evaluation are
summarized in Sec. 6; Sec. 7 concludes and gives an outlook.

1.1 Integer Linear Programming
In the last decade, the use of integer programming models
has increased significantly which is mostly due to the ad-
vances in algorithms for solving integer programs and the
availability of reliable software packages [2]. Computing
an optimal solution of an integer linear program is NP-
complete [3]. Nevertheless many large instances of such
problems can be solved. Recent research has lead to an un-
derstanding of properties that make some ILP formulations
easily solvable. Those formulations are called structured [4]
since it is the structure of their constraints that permits ef-
ficient computations. Recent advances have also made it
possible to improve the efficiency of ILP solving techniques
by curtailing the necessary enumeration process [2, 5].

Let PF = {x | Ax ≥ b, x ∈ IRn
+}, c ∈ IRn, b ∈ IRm, A ∈

IRm×n. Then integer linear programming (ILP) is the fol-
lowing optimization problem:

min zIP = cTx (1)

x ∈ PF ∩ ZZn

The set PF is called feasible region. If all integrality restric-
tions of equation (1) are removed the resulting linear pro-
gram is called LP-relaxation. The feasible area PF is called
integral if it is equal to the convex hull PI of the integer
points (PI = conv({x | x ∈ PF ∩ ZZn}); see Fig. 1). In this
case, the optimal solution can be calculated in polynomial
time by solving its LP-relaxation. Therefore, while formu-
lating an integer linear program, one should attempt to find
equality and inequation constraints such that PF will be in-
tegral. It has been shown that for every bounded system of
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Figure 1: Feasible Areas.

rational inequalities there exists an integer polyhedron [6,
7]. Unfortunately for most problems it is not known how to
formulate these additional inequalities—and there could be
an exponential number of them [8].

In general, PI � PF , and the LP-relaxation provides a lower
bound on the objective function. The efficiency of many
integer programming algorithms depends on the tightness of
this bound. The better PF approximates the feasible region
PI , the sharper is this bound. Thus for an efficient solution
of an ILP-formulation, it is extremely important that PF is
close to PI .

Depending on the choice of the main decision variables, in-
teger linear programming models for the code generation
problem can be classified as time-indexed formulations or
order-indexed formulations [9]. In time-indexed approaches,
the decision variables are based on the discrete point in time
the modeled events are assigned to. The ordering of the
events is derived from the assignment to points of time. In
order-indexed approaches, the semantics of the decision vari-
ables reflects the ordering of the modeled events. Here the
assignment of the events to points of time is derived from
the computed ordering.

The implications of the modeling style are investigated in
[1]. The study indicates that order-indexed modeling allows
an efficient integration of the code generation problems in-
struction scheduling, functional unit allocation and register
assignment. The order-indexed modeling is well suited for ir-
regular architectures where the resource competition is high.
Time-indexed modeling presents itself for architectures with
a high degree of instruction-level parallelism where a large
number of functional unit types is available for the execution
of each microoperation.

1.2 The IA-64 Architecture
The IA-64 instruction set architecture [10, 11, 12] has been
designed for high-performance applications, like processing
multimedia data streams, 3D graphics, and executing nu-
merically intensive computations. IA-64 is an EPIC archi-
tecture (Explicitly Parallel Instruction Computing) that re-
lies on the compiler to exploit the available instruction-level
parallelism.

The first implementation of the IA-64 architecture is the
Intel Itanium processor [11, 12]. The Itanium provides a
10-stage in-order execution pipeline; all functional units are
fully pipelined to achieve a high throughput. The Itanium
contains four integer ALUs, four multimedia ALUs, two
extended-precision floating-point ALUs, two single-precision

floating-point units, two load/store units, and three branch
units. The floating-point units are implemented as MAC-
units that can execute one multiply/add operation per clock
cycle. This is important e. g. for digital signal processing or
3D graphics applications. The functional units are classified
as I (integer), F (floating-point), M (memory), or B-type
(branch) units. The data paths include 128 general purpose
registers, 128 floating-point registers, 64 predicate registers,
and 8 branch registers. The Itanium supports branch pre-
diction, predicated execution as well as control and data
speculation.

Each IA-64 instruction is categorized into one of 6 types:
Integer ALU (A-type), Non-ALU integer (I-type), Memory
(M-type), Floating-point (F-type), Branch (B-type), Ex-
tended (L/X-type). Each instruction type may be executed
on one or more execution unit types. A-type instructions in
IA-64 can be scheduled to execute on either M- or I-units.
The execution times of instructions range from 1 to 24 cy-
cles, except for loads from memory missing the cache and
the check instructions (used for speculation) which can take
more than 50 cycles.

IA-64 uses a 128-bit encoding, called a bundle, that contains
three 41-bit instructions and a 5-bit template field. The tem-
plate bits help decode and route instructions and indicate
the location of stops that mark the end of groups of instruc-
tions that can execute in parallel. The process of sending
instructions to functional units is called dispersal ; the dis-
persal windows can hold two bundles. Thus the Itanium can
issue a maximum of six instructions per clock cycle. These
six slots can contain at most 2 I-type, 2 M-type, 2 F-type,
and 3 B-type instructions. The specific functional unit to
which an instruction is sent is determined by its type and its
position within the current set of instructions being issued.

In addition to the location of stops the template field speci-
fies the mapping of instruction slots to execution unit types.
Not all possible mappings of instruction slots to unit types
are available. There are 12 basic template types (bundle
types): MII, MI I, MLX, MMI, M MI, MFI, MMF, MIB,
MBB, BBB, MMB, and MFB (stops are denoted by ).
Each basic template has two versions: one with a stop af-
ter the third slot and one without. Bundle boundaries have
no direct correlation with instruction group boundaries as
instruction groups can extend over an arbitrary number of
bundles. Instruction groups begin and end where stops are
set in assembly code and dynamically whenever a branch is
taken or a stop is encountered.

2. RELATED WORK
Search-based algorithms can be profitably used for code gen-
eration problems when a very high code quality is required,
or when there are different phases that interact with each
other. While heuristic methods typically require shorter
computation times, search-based methods can usually pro-
duce a higher solution quality.

Early approaches for ILP-based code generation have been
developed in the area of architectural synthesis. The ILP
model used in the ALPS synthesizer [13, 14] is a time-
indexed formulation for instruction scheduling and func-
tional unit allocation. In [15, 6] the ALPS model is improved
by exploiting results of polyhedral theory. The description



of the feasible region is tightened and the solution efficiency
increased. The resulting formulation has been implemented
in the OASIC synthesizer and has been extended to incor-
porate the register assignment problem. In [1] the OASIC
model is extended to the problem of code generation for ir-
regular architectures. While all previously mentioned ILP
formulations are time-indexed formulations, in [16] an order-
indexed ILP formulation for instruction scheduling, func-
tional unit allocation and register assignment is presented.

There have been only few approaches to incorporate ILP-
based methods into the code generation process of a com-
piler. An early approach for local ILP-based instruction
scheduling for vector processors has been presented in [17].
In the Record compiler [18], integer linear programming
is used to model local instruction scheduling and a variant
of functional unit allocation. Both ILP models are time-
indexed formulations similar to the OASIC model [15, 6].

Wilson et al. [19] use an ILP-formulation for simultane-
ously performing code selection, scheduling, register alloca-
tion and assignment. The complexity of the resulting for-
mulations however leads to prohibitive computation times.
In [20] it is demonstrated that by using a well-structured
ILP formulation, an optimal local instruction scheduling of
large basic blocks for regular architectures can be computed
in acceptable time.

The problem of phase-coupled code generation for irregular
architectures is investigated in [1]. Extensions of the SILP-
and OASIC models ([16, 15, 6]) are developed that allow
a generic modeling of irregular hardware constraints and
make the simultaneous optimization of several basic blocks,
e. g. nested loops, possible. The extended modeling has been
implemented in the Propan framework [1]. In [1] also ILP-
based approximations are developed that allow to compute
high-quality solutions in drastically reduced time compared
to the exact solution. The modeling of [1] presents one of
the starting points of our work.

The implementation of the global code scheduler in Intel’s
compiler for the IA-64 architecture is presented in [21].

3. THE ILP MODEL
The problem of optimal IA-64 instruction scheduling can
be subdivided into two phases, as shown in Fig. 2. In the
remainder of this paper we will refer to the first phase as
macro-scheduling and to the second phase as bundling ; the
result of both phases represents the final schedule.

The goal of the optimization is to achieve a schedule that
is time optimal, i. e. that requires minimal execution time,
and to select among the time optimal schedules one that is
space optimal, i. e. that consumes minimal program memory
space.

In the macro-scheduling phase, a minimal-length prelimi-
nary schedule is computed where each instruction is assigned
to an instruction group. The result is a sequence of instruc-
tion groups so that one group can be executed per clock cycle
without violating data dependences or resource constraints.

Since no encoding restrictions are taken into account, this
sequence does not correspond to a valid schedule yet. There-
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Figure 2: IA-64 instruction scheduling – overview.

fore in the bundling phase an optimal bundle sequence is
computed from the sequence of instruction groups which
represents the final schedule.

Both phases could also be integrated into a single ILP for-
mulation. For complexity reasons however such a unified
formulation—a tentative modeling required 26 classes of con-
straints—cannot be considered promising. Moreover we will
show in the following that the two-stage approach can be
expected to produce an optimal solution wrt. the unified
formulation in most cases. This allows efficient computa-
tions while usually achieving optimality.

4. MACRO-SCHEDULING
Macro-scheduling defines the order in which the instructions
are executed. Each instruction is assigned to an instruction
group so that all instructions from one group can be exe-
cuted simultaneously in a single clock cycle. Thus in this
section we treat both terms as synonymous. As a basis for
our modeling we use the time-indexed OASIC formulation
[15, 6] which is a structured model that is well suited for
architectures with a high degree of instruction-level paral-
lelism [1].

The main decision variables are binary variables called xk
nt

where a value of 1 means that instruction n is executed in
clock cycle t on execution unit k. The index k of the decision
variables xk

nt is only relevant for A-type instructions since
those can be executed on M- and I-units. For all other in-
structions the assignment to execution unit types is unique.

Let V denote the set of instructions from the input pro-
gram. Before generating the integer linear programs, an
interval is calculated for each instruction n containing all
clock cycles in which the execution of n can be started in
any feasible schedule. This interval is defined as N(n) =
{asap(n), . . . alap(n)}. The asap (alap) control step is the
earliest (latest) control step in which n can be started with-
out violating any data dependences. The interval N(n) is
refined using information about the availability of hardware
resources [1].

The macro-scheduling polytope is composed of three types
of constraints which will be presented in the following.



Let R(n) denote the set of execution unit types instruction
n can be assigned to. The assignment constraints ensure
that every instruction is executed exactly once by exactly
one execution resource:∑

k∈R(n)

∑
t∈N(n)

xk
nt = 1 ∀ n ∈ V (2)

The precedence constraints model the data dependences of
the input program. The edges ED of the data dependence
graph GD = (V,ED) can be classified into two categories:
weak and strong dependences, i. e.ED = Ew

D ∪ Es
D.

The weak dependences Ew
D include anti dependences (WAR)

and all dependences with respect to memory.

The strong dependences Es
D are composed of the true and

output dependences with respect to register resources. Weak
dependences are allowed inside an instruction group, strong
dependences not. In the bundling phase, only the weak de-
pendences have to be considered (see Sec. 5).

Let wmn denote for each data dependence (m,n) ∈ ED the
minimal number of cycles that must pass between the start-
ing time of m and the starting time of n for the dependence
to be respected. Then the following constraint is generated:

∑
k

∑
tn≤t

tn∈N(n)

xk
ntn

+
∑

k

∑
tm≥t−wmn+1

tm∈N(m)

xk
mtm

≤ 1

∀ t ∈ {t′ + wmn − 1|t′ ∈ N(m)} ∩N(n),

∀ (m,n) ∈ ED (3)

The precedence constraints exclude any ordering of instruc-
tions where data dependences are violated. In [1] it has
been shown that any infeasible ordering is excluded but no
feasible solution is discarded.

Equation (3) can be extended to deal with the case where the
execution time of an instruction varies with the execution
unit type it is scheduled to. For example, on the Itanium, an
address generation in the ALU takes one cycle more if sched-
uled to an I-unit instead of a M-unit. Intuitively we model
this restriction by adding an additional variable xI

m(t−1) to
the left-hand side of equation (3).

The polytope developed so far is integral [4]. This changes,
however, if we add the resource constraints: resource-con-
strained scheduling is NP-complete.

Let Rk denote the number of execution units of type k avail-
able in the target processor and let U be a pre-calculated
upper bound on the number of clock cycles required to exe-
cute the input program. Then the resource constraints pre-
vent more than Rk instructions from being assigned to each
functional unit type k at the same clock cycle.∑

n∈V :
k∈R(n)

xk
nt ≤ Rk ∀ k ∧ 1 ≤ t ≤ U (4)

The execution units on the Itanium are asymmetric, i. e. some
instructions like fixed shifts can only be executed on the first

of several same-type units. We model this by generating ad-
ditional instances of equation (4) for these instructions with
the right-hand side set to one.

A dedicated resource constraint is added for the dispersal
window. With a dispersal window width of d bundles at
most 3d instructions can be started per clock cycle, e. g. 3 ·
2 = 6 instructions on Itanium.∑

k

∑
n∈V

xk
nt ≤ 3d ∀ 1 ≤ t ≤ U (5)

Now every integer point saturating the constraints corre-
sponds to a feasible solution of the macro-scheduling prob-
lem.

Our goal is to find a schedule of minimal length T ; the value
of T is defined by constraints (7), the objective function is
given in equation (6).

min T (6)∑
k

∑
t∈N(n)

txk
nt ≤ T ∀ n ∈ V (7)

We extend this objective function to deal with a weakness of
this time-based ILP model. This weakness concerns instruc-
tions with execution times spanning several clock cycles as,
e. g. , load instructions. An example is shown in Fig. 3.

Cyc. time-optimal +space-optimal

0 ld8 r1=[r2] ;; ld8 r1=[r2] ;;

1 I1 ;; I1 I2 I3 ;;

2 I2 ;; -

3 I3 ;; -

4 add r3=r1,r3 add r3=r1,r3

Figure 3: A gap produced by a load instruction with
4-cycle execution time.

Often there are not enough candidates available to fill the
gap between the definition and use completely with inde-
pendent instructions. When placing independent instruc-
tions into a gap, care should be taken to produce dense
code, i. e. to use as few instruction groups as possible. This
is shown in both columns of the example with the indepen-
dent instructions I1, I2 and I3. There are several reasons
for this:

In contrast to VLIW architectures it is not necessary to in-
sert nop-instructions to ensure the correct distance between
definitions and uses if there are not enough intermediate in-
structions. The IA-64 architectures automatically stalls if
an operand is not yet available. In consequence empty in-
struction groups can be omitted and thus do not consume
program memory space.

Second, our experiments indicate that the smaller the in-
struction groups are, the more likely it is that additional
nops have to be inserted into the bundles computed later.
Therefore fewer and thereby larger instruction groups are
preferred over smaller ones.

A third reason is that the execution time of loads depends
on where the access hits in the cache hierarchy. In our future



work we will use a static cache analysis [22], possibly sup-
plemented by profiling information, as a basis for deciding
which access time should be assumed when generating the
ILP. If during code generation a L2-hit is assumed but dur-
ing actual program execution a L1-hit occurs this would not
lead to stalls in the second case of Fig. 3 while the execution
time of the first case would be the same as for a L1-miss.

So far our objective function (6) does not take the issue of
generating dense code into account. Therefore we extend it
to first minimize the execution time with high priority and
then with lower priority the number of instruction groups
used. For this we introduce dedicated binary variables ut

where a value of 1 indicates that at least one instruction is
scheduled to clock cycle t. The variables are defined by the
following constraint:

xk
nt ≤ ut ∀n ∈ V ∀t ∈ N(n) ∀k

The modified objective function (8) minimizes T as primary

goal and the number of used instruction groups
∑U

t=1 ut as
secondary goal. This is achieved by weighting T with the
constant U (see Sec. 4).

min U · T +
U∑

t=1

ut (8)

This completes our ILP model for macro-scheduling; it uses
O(|V |2) binary variables and requires O(|V |3) constraints.

5. BUNDLING
The result of the preceding phase corresponds to an optimal
schedule if no encoding restrictions (bundling restrictions)
are taken into account and the assumptions about the cache
behavior (see above) are fulfilled. Each instruction group is
given as a set of instructions with their weak dependences.
Now it is the task of the bundling phase to transform the
sequence of instruction groups into an efficient sequence of
feasible IA-64 bundles.

There are some cases where our bundling algorithm can be
forced to introduce additional penalties that cannot be con-
sidered in the macro-scheduling phase:

1. For every cycle, the number of bundles processed is
limited by the size of the dispersal window d. If the
instruction group exceeds d bundles, a penalty cycle
occurs which we call dispersal split. The ILP formu-
lation presented in Sec. 4 guarantees that enough re-
sources are available and that at most 3d instructions
can be contained in an instruction group. However,
due to the bundling restrictions it may be necessary
to generate more than d bundles (see below).

2. Empty slots in a bundle have to be filled with nops
that have to be assigned to a specific resource type.
Choosing an inappropriate nop type may cause the
number of available resources to be exceeded so that
a one-cycle penalty called resource split occurs. This
is illustrated in Fig. 4 for the Itanium with its two M-
and I-units.

M

M I

M I

M I

I BM

BM

BM

M M B

I

II

B

B

Res. split (3I)

Res. split (3M) 

no split

filled with NOPs

Empty slots

Figure 4: Choosing an inappropriate nop type may
trigger a resource split (nops are depicted with a
white background).

In the following we will present examples for instruction
groups triggering a resource resp. dispersal split on the Ita-
nium.

5.1 Resource Split
Fig. 5 shows an instruction group where the order IIMM is im-
posed by three weak dependences. Because in every bundle
type an M-type slot precedes an I-type slot, an M-type nop
must be placed before one of the first two I-type instructions.
Then three M-type instructions trigger a resource split on
the Itanium.

unit type instruction

I shr r1=r2,r3

I shr r2=r4,r5

M ld8 r4=[r8]

M st8 [r8]=r5

Figure 5: Instruction group triggering a resource
split.

5.2 Dispersal Split
A similar example is shown in Fig. 6. Because in no bundle
type an M-type instruction can be placed after an I-type
instruction, the first, second and fourth instruction have to
be in different bundles – but more than two bundles trigger
a dispersal split on the Itanium.

unit type instruction

I shr r1=r2,r3

M ld8 r2=[r8]

I shr r8=r4,r5

M ld8 r4=[r9]

Figure 6: Instruction group triggering a dispersal
split.

It is exactly here that the two-phase approach may lose op-
timality because a decision made in the first phase cannot
be reversed (phase coupling problem). In an exact approach
such unfavorable instruction groups could be detected and
eventually excluded.

Instruction groups with weak dependences like in these two
constructed examples can be expected to occur very rarely
in practice. We did not encounter such a case in our exper-
iments with more than 5000 instruction groups.

Now let us explain our approach to bundling. For complex-
ity reasons we divide it into two subphases: micro-scheduling
and sequencing. Micro-scheduling generates a separate bun-
dle sequence for each single instruction group as depicted in



Fig. 7. Then sequencing combines these partial sequences
into an optimal bundle sequence for the whole program.

5.3 Micro-Scheduling
Given is a partition of V into maxg instruction groups Vg,⋃maxg

g=1 Vg = V . For each of these groups we solve an inte-
ger linear program that minimizes the number of splits (see
below). The micro-scheduling polytope is composed from 7
constraint types and three classes of binary variables. Due
to the resource limitations the instruction groups computed
in the macro-scheduling phase contain only few instructions
so that the solution can be usually computed within less
than one second. The main decision variables are binary
variables similar to those of Sec. 4:

xn
ij = 1 ⇔ Instruction n is placed in

slot j of bundle i.

We assume that c =
⌈

1
3
|Vg|

⌉
bundles are sufficient to incor-

porate all instructions of group g and generate a variable
xn

ij for each pair (i, j) ∈ P := {1, . . . , c} × {1, . . . , 3}. If the
resulting ILP is infeasible, we increase c by one and iterate.
Moreover we assume that no more than 2d bundles have to
be generated for any instruction group, i. e. c ≤ 2d.

Each instruction has to be placed into exactly one slot of
exactly one bundle. This is ensured by the assignment con-
straints:

xma
F

shift
I

load
M

store
M

add
A

b2(MFB)=1b1(MII) =1

B
NOP

MIM A F

2=c
MIM A F

1

Instruction group Vg with weak dependences

Figure 7: Micro-Scheduling in detail.

∑
(i,j)∈P

xn
ij = 1 ∀ n ∈ Vg (9)

It is feasible to schedule two instructions between which a
weak dependence exists into the same instruction group,
i. e. (m,n) ∈ Ew

D. However it has to be ensured that m
appears before n in the bundles of the group. In order to
model this we introduce a relation ≺⊂ P 2 that specifies the
ordering of bundle positions.

(i′, j′) ≺ (i, j) ⇔ (i′ < i) ∨ ((i′ = i) ∧ (j′ < j))

Then the following precedence constraints ensure that no
weak dependence is violated:

∑
(i,j)�s

xn
ij +

∑
(i,j)�s

xm
ij ≤ 1 (10)

∀ (m,n) ∈ (Ew
D ∩ V 2

g ) ∀s ∈ P

Modified resource constraints ensure that no more than one
instruction is placed in one slot:∑

n∈Vg

xn
ij ≤ 1 ∀(i, j) ∈ P (11)

Additional constraints are required for enforcing the bundle
type restrictions. Let U = {M, I, B, F} be the set of functional
unit types and T ⊂ U3 be the set of feasible bundle types:

T = {MII, MMI, MIB, MBB, BBB, MMB, MFI, MMF, MFB}
We construct the complement of T as the set T which con-
tains all infeasible bundle types described by triples (t1, t2, t3)
of sets of instruction types ti ⊆ I = {M, I, B, F, A}):

t1 t2 t3

{I} * *

{F} * *

* * {M}
{B} {A,M,I,F} *

{B} * {A,M,I,F}
* {I} {F}
* {B} {A,M,I,F}
* {F} {F}

Figure 8: Elements t = (t1, t2, t3) of the set T of for-
bidden instruction type combinations (* stands for
the set I).

For every t = (t1, t2, t3) ∈ T let D(t) = {j ∈ {1, 2, 3} | tj �=
∗} and let type(n) denote the type of instruction n. Then the
following constraint excludes any infeasible combinations of
instruction types:

∑
j∈D(t)

∑
n∈Vg :

type(n)∈tj

xn
ij ≤ |D(t)| − 1

∀ 1 ≤ i ≤ c ∀ t ∈ T (12)

Every solution to the ILP as presented up to now corre-
sponds to an instruction sequence which can be completed
to a feasible bundle sequence by possibly filling some empty
slots with nops (see Fig. 7). For each nop an appropriate
resource type has to be determined (see Fig. 4). The nop
type selection is integrated into the ILP by assigning a bun-
dle type to each of the c bundles. This requires introducing
an additional type of binary decision variables:

bit = 1 ⇔ Bundle type t ∈ T is
assigned to bundle i (1 ≤ i ≤ c)

Instruction groups are delimited by stops. A stop can always
be placed after the third slot of each bundle type. The two



bundle types MII resp. MMI additionally allow a stop after
the second (MI I) resp. the first (M MI) slot. Only the slots
after resp. before the stop may be filled with instructions at
the beginning resp. the end of the bundle sequence. This is
achieved by extending the set U by a void slot type − and
introducing additional bundle types:

TE = {MI−, M−−} , TB = {− − I,−MI}

T − = T ∪ TE ∪ TB

We create additional instances of the variable bit which per-
mit these bundle types at the beginning and the end of the
instruction group:

b1t ∀ t ∈ TB bct ∀ t ∈ TE

The instruction type constraints integrate the bit variables
into the ILP:

3 · (1− bit) ≥
3∑

j=1

∑
n∈Vg :

tj �∈R(n)

xn
ij

∀ 1 ≤ i ≤ c ∀ t = (t1, t2, t3) ∈ T − (13)

If bundle type t is assigned to bundle type i, then the left-
hand side of inequation (13) is equal to 0 and the constraint
is activated. Then the right-hand side implies that in no slot
of bundle i an instruction of inappropriate type is placed.

The bundle type constraints ensure that exactly one bundle
type is assigned to each bundle:∑

t∈T

bit = 1 ∀1 ≤ i ≤ c (14)

Now the ILP model is almost complete – every integer point
satisfying the constraints corresponds to a feasible bundle
sequence for the instruction group. However, some of these
possible sequences may trigger a split on the target proces-
sor. Therefore we must find a way how to measure if one or
more dispersal / resource splits occur and avoid them.

We must consider that, in the cycle after a split, execution
restarts immediately behind in the next slot and may lead
to another split. This is represented by the following binary
variables (∀(i, j) ∈ P ):

sl
ij=1⇔ At least one split occurs anywhere

before (i, j) (excl.)
sh

ij=1⇔ At least one split occurs after (i, j)
if execution (re)starts there (incl.)

The objective function of the micro-scheduling phase mini-
mizes a variable S that measures the number of splits (using
constraints (16)):

min S (15)

sl
ij + sh

ij ≤ S ∀(i, j) ∈ P (16)

It remains to show that S corresponds to the number of

splits σ. This follows directly from the two following propo-
sitions. The proofs are given in appendix A.

Proposition 1 : Let (i, j) ≺ (i′, j′), then

a) sl
ij = 1 ⇒ sl

i′j′ = 1

b) sh
ij = 0 ⇒ sh

i′j′ = 0

Proposition 2 : The following relations hold between S and
σ:

a) σ = 0 ⇔ S = 0
b) σ = 1 ⇔ S = 1
c) σ ≥ 2 ⇔ S = 2

A dispersal split must always occur after d bundles have
been processed. Thus it is obvious that if i ≥ d + 1, then
sl

ij = 1 must hold, and that i ≤ c− d implies sh
ij = 1. Thus

in the ILP formulation these variables are replaced by 1.

The next constraints show how resource splits are detected
(∀X ∈ U):

i−1∑
m=1

(∑
t∈T

|{n |tn = X }| bmt

)
+

∑
t∈T

|{n < j |tn = X }| bit −RX ≤ c1s
l
ij

∀(i, j) ∈ P : (c− d, 3) � (i, j) � (d, 3) (17)

We set c1 = imaxt∈T {|{ i| ti = X}|}−RX to obtain a tight
inequation (and skip the constraint if c1 ≤ 0). The formula
for sh

ij is similar.

This completes our ILP model for micro-scheduling; it uses
O(|Vg|2) binary variables and requires O(|Vg|3) constraints.

5.4 Sequencing
The result of the ILP for micro-scheduling as presented above
is an optimal bundle sequence for each instruction group.
These partial bundle sequences still have to be combined
to form the final schedule. This cannot be done in a naive
way since it is not guaranteed that the bundle sequences fit
together. If one instruction group ends after slot i within
a bundle (i ≤ 2), the next instruction group must begin in
slot i + 1 of the same bundle. Due to the small size of the
generated ILPs we can afford to compute the optimal bun-
dle sequences for each possible start slot is ∈ {1, 2, 3} and
each possible end slot ie ∈ {1, 2, 3}. Thereby we leave all
possibilities for later sequencing open.

We achieve this by solving nine ILPs, each containing one
of the following constraints for the beginning

b1(−−I) := 1, b1(−MI) := 1, b1(−−I) + b1(−MI) = 0

and one of the following for the ending:

bc(MI−) := 1, bc(M−−) := 1, bc(MI−) + bc(M−−) = 0



This produces nine partial sequences for each instruction
group as shown in an example in Fig. 9. These fragments
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Figure 9: An example of the nine possible bundle
sequences for an instruction group; nops are white.

can be chained together to form a global bundle sequence.
We describe this by the following notation:

Sxy(g, h) = The set of all possible bundle
sequences from group g (including),
starting before slot x,
to group h (including),
ending before slot y

We define oxy(g, h) ∈ Sxy(g, h) as the optimal bundle se-
quence in this set, where optimality is (constructively) de-
fined below. For each sequence s we further use:

|s| = The number of bundles in
in this sequence

σ(s) = The number of splits this
sequence triggers

Let s⊕t denote the concatenation of sequences s and t, then
the following equations hold:

σ(s⊕ t) = σ(s) + σ(t) (18)

|sxu(g, i)⊕ suy(i+ 1, h)| = (19)

|sxu(g, i)|+ |suy(i+ 1, h)| − δu

δ1 = δ2 = 1 δ0 = 0

The problem of sequencing now can be described as follows:
Given from the previous phase are the optimal partial bun-
dle sequences oxy(g, g), ∀x, y ∈ {0, 1, 2}, ∀g : 1 ≤ g ≤ maxg.
Needed is the optimal global bundle sequence o00(1,maxg).

We use dynamic programming to construct larger optimal
sequences from smaller ones bottom-up.

To construct a sequence oxy(g, h) of the length h − g + 1
(instruction groups), we can assume that the smaller optimal
sequences already have been computed. We use them to
form a set of all possible candidates Oxy(g, h) ⊆ Sxy(g, h):

Oxy(g, h) = {oxu(g, i)⊕ ouy(i+ 1, h) |

g ≤ i < h, u ∈ {0, 1, 2}}

We collect the time-optimal ones of these candidates in the
subset OT

xy(g, h) ⊆ Oxy(g, h):

OT
xy(g, h) = {s ∈ Oxy(g, h) | σ(s) = tmin}

tmin = min {σ(s) | s ∈ Oxy(g, h)}

We again form a subset OTB
xy (g, h) ⊆ OT

xy(g, h) which con-
tains these sequences with the fewest bundles:

OTB
xy (g, h) =

{
s ∈ OT

xy(g, h) | |s| = bmin

}

bmin = min
{
|s| | s ∈ OT

xy(g, h)
}

Then we chose a sequence from OTB
xy (g, h) as oxy(g, h) and

repeat until we have obtained the optimal global bundle
sequence o00(1,maxg) in O(max2

g). In most cases, we also
haveD(o00(1,maxg)) = 0 which indicates that no additional
splits have been introduced in the second phase. This gives
the proof of optimality.

6. EXPERIMENTAL EVALUATION
We have implemented and tested all ILP formulations pre-
sented in this paper; then we have compared the length
and code size of the computed schedules with the results
of heuristic methods.

For this we generated a pool of IA-64 assembly files using
Intel’s C++ Compiler 5.0 for Itanium (see Tab. 1). The
first six files in the table are taken from SpecInt95, sim.asm
is a benchmark program employing dynamic programming,
layer.asm is taken from the MPEG audio decoder MPG123,
and ccernel.asm contains the Livermore loops.

Program BB Instructions Bundles RP

g2.asm (go) 84 1165 481 0.84
g2s3.asm (go) 39 621 238 2.05
g2s2.asm (go) 140 2224 926 0.81
g29.asm (go) 244 3193 1338 0.84
g25.asm (go) 807 11407 4995 0.77

compress95.asm 45 419 183 0.94
sim.asm 164 2600 1046 0.93
layer.asm 154 1643 808 1.13
ccernel.asm 110 1543 803 1.29

Table 1: Input files for benchmarking. BB gives the
number of basic blocks.

Then all basic blocks with more than two bundles were ex-
tracted from the assembly files, parsed with the Propan-
generated assembly parser [1] and first scheduled with a
heuristic method. We employed list-scheduling with highest
level first heuristic. If the priority values of two instructions
were equal, I-type and M-type instructions were preferred
over A-type ones.

We computed two lower bounds for the schedule length:
First, the minimum schedule length enforced only by the re-
source constraints, then the minimum length enforced only
by the precedence constraints (i. e. critical path length). By



dividing the first value by the second, we obtain a measure
for the resource shortage when scheduling this basic block.
We call this metric resource pressure and give average values
in the last column of Tab. 1.

Using these lower bounds, we found out that 87% of all
blocks were already optimally scheduled by list scheduling.
The remaining blocks were passed to the ILP-solver, which
could find a better schedule for 33% of them. So the total
percentage of improved blocks is 4% on the average.

Figure 10: Percentage of improved blocks compared
to resource pressure.

We analyzed how the result changes with increased par-
allelism. Therefore we duplicated the instructions in each
basic block and predicated the copy and the original with
complementary predicate registers. This process is similar to
if-conversion [23, 24] and increases the available parallelism
and thereby the resource pressure. After this change, the
total percentage of improved blocks doubled to 10%. The
distribution depicted in Fig. 10 shows how it grows with the
resource pressure.

We conducted our experiments with the ILP-solver CPLEX
6.5 on a 333-Mhz-UltraSparc II. Although the generated in-
teger linear programs often employed hundreds of binary
variables, a solution could always be computed within sec-
onds (see Fig. 11). These results show the strength of the
well-structured ILP formulation we chose as a basis for our
work.

Figure 11: Average solution times of the macro-
scheduling ILPs.

To evaluate the bundling phase, we compared the computed

sequences directly with the code produced by Intel’s com-
piler. The results in Fig. 12 show that our method produces
sequences with ca. 25% fewer nops. The total code size
shrinks by 6% on average. Note that some of the nops are
inherent to the IA-64 architecture. For example, a basic
block with n instructions contains at least n mod 3 nops
because blocks always start and end at bundle boundaries.
This effect alone contributes to 30% of the nops in the op-
timized bundle sequences.

Figure 12: Percentage of removed nops from the
output of Intel’s compiler.

7. CONCLUSION AND OUTLOOK
We have presented an ILP formulation for the problem of IA-
64 instruction scheduling. For complexity reasons the mod-
eling is subdivided into two phases, macro-scheduling and
bundling. This allows to compute mostly optimal solutions
within seconds. The scheduler can be adapted to every pro-
cessor of the IA-64 architecture and is extendable to support
upcoming EPIC architectures. Experimental results indi-
cate that our approach is suitable for small to medium sized
code sequences as, e. g. , inner loops where small improve-
ments already may have a major impact on performance.

For example, Intel proposes an integer programming frame-
work to optimize the software library for computing tran-
scendental functions on IA-64 [25].

The modeling currently is restricted to basic blocks, but con-
trol flow can be integrated using predication. If the cache
behavior at certain program points can be statically pre-
dicted this knowledge can be used to generate more efficient
code. For this we will employ the static cache behavior anal-
ysis of [22].

We see the presented ILP formulation as a basis which can
be extended to incorporate additional compiler decisions
crucial to IA-64 performance. Therefore we are currently
integrating control and data speculation as well as code mo-
tion into the model.

APPENDIX
A. PROOFS
Proof : (Proposition 1)

a) If a split occurs when executing up to (i, j), then this split



certainly also occurs when executing even more instructions.
b) analogous. ✷

Proof : (Proposition 2)

a) σ = 0 ⇔ sh
11 = 0 ∧ sl

c3 = 0
Prop. 1⇔ ∀(i, j) ∈ P : sl

ij = sh
ij =

0 ⇔ S = 0

c) “⇒”: σ ≥ 2 ⇒ Let (i, j) be the position of the first split.
It is sl

ij = 1 and, because another split follows, sh
ij = 1.

⇒ S ≥ 2. It is clear from the formulation that S cannot
grow larger than 2, thus we have S = 2.

“⇐”: S = 2 ⇒ ∃(i, j) : sl
ij = sh

ij = 1 ⇒ ∃(i′, j′) ≺ (i, j)
with: a split occurs at (i′, j′). Execution restarts behind,
and since sh

i′j′ = 1 (following from Prop. 1 b), another split
occurs ⇒ σ ≥ 2

b) follows from a) and c)

✷
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